A new topology for supermanifolds is developed, based on DeWitt's supermanifold theory. A total order relation is imposed on the set of real supernumbers. The order relation generates a Hausdorff topology for the real supernumbers, thus allowing Hausdorff supermanifolds to be defined. With the new topology, supermanifolds can have a global structure analogous to that of a compact manifold, but such supermanifolds are not in fact compact.
Introduction
The theory of supermanifolds is indispensable in providing a satisfactory mathematical basis for some key tools in physics. It might be thought that this is the case only because of supersymmetry, but the mathematics that serves as the foundation of supermanifold theory is already necessary to give a precise definition of classical (i.e. unquantized) fermionic fields. The objects from which supermanifolds and classical fermionic fields are built are supernumbers [1] . In this paper we address an important drawback of these objects as originally defined, namely that they are not very "geometrical": for example, there is no notion of the distance between two arbitrary real supernumbers, and as a result the global structure of supermanifolds is very limited compared to ordinary manifolds [1] .
We aim to give additional structure to supernumbers so that they conform better to our intuitive notion of number. By defining a total order relation on the set of real supernumbers we obtain a supernumber theory that is more analogous to ordinary real numbers. Our total order relation automatically gives rise to a new topology for real supernumbers and hence for supermanifolds. This approach will provide us with a new solution to the problem of how to compactify a supermanifold, in the sense of "rolling up" its dimensions [2] .
We begin in Section 2 by reviewing the definitions of supernumbers and supermanifolds [1] . In Section 3 we define two total order relations on the set of real supernumbers and show that one of them is more appropriate for mirroring the properties of ordinary real numbers. The topology for real supernumbers generated by our choice of total order relation is described in Section 4; DeWitt's formalism then gives a corresponding topology for supermanifolds.
The statement that an ordinary manifold is compact conveys an important global property. In Section 5 we find that the concept of a compact topological space does not capture the analogous property for supermanifolds endowed with our new topology. The supermanifold property corresponding to compactness for ordinary manifolds is identified; we call it supercompactness. We demonstrate that both types of supermanifold dimension (bosonic and fermionic) are supercompact when they are "rolled-up". Thus, in this approach, the same abundance of global structures exists for supermanifolds as for ordinary manifolds.
Supernumbers and the foundations of supermanifold theory
The requirement in quantum field theory that classical (i.e. unquantized) fermionic fields must be anti-commuting raises some awkward mathematical points. For instance, what is the internal structure of the fermionic field that makes it anti-commuting? One can always simply define a set of anti-commuting objects, but in order to construct a fermionic field one is faced with having to introduce an uncountably infinite set of anti-commuting objects for each component of each fermionic field. The theory of supernumbers provides a more economical solution, allowing us to construct any number of fermionic fields using a single countably infinite set of anti-commuting objects.
Another point concerns the Lagrangian for classical fermionic fields. One would like to think of the Lagrangian as a real number but then one has to explain how multiplying anti-commuting objects could possibly produce a real number. This problem is compounded if supersymmetry is present because then bosonic fields are mixed with fermionic fields so it is hard to see how classical bosonic-field components can be real or complex numbers. One is forced to regard such commuting objects as supernumbers, just like the anti-commuting quantities.
A closely related matter is the question of a precise definition of supermanifolds.
Here again we have objects that arise from a generalisation to include anti-commuting quantities. The mathematical foundations of supermanifolds are quite involved, and supernumbers are the starting point.
Of course, very few physicists worry about such matters; field theory textbooks simply define anti-commuting classical fermionic fields without considering how the resulting classical theory can be made consistent at the basic "number" level. Presumably the view taken is that the classical theory is just a formal tool for getting at the quantum theory, the latter being what is physically relevant, and one needn't fuss too much about the details. However the existence of this relationship between the classical and quantum theories remains mysterious; we have no idea why the rules for the experimentally correct quantum theory should be determined by a classical action. It is therefore advisable to be as rigorous as possible in speaking about the classical theory. Supermanifolds, also, are important objects in physics yet relatively few physicists explore their mathematical foundations. Technical issues such as the topology of supermanifolds, however, may be important for physical applications.
We give a brief review of supernumbers and how they are used in defining classical fields and supermanifolds [1] .
Supernumbers and superanalysis
Consider a set of generators
which anti-commute:
As discussed below, in order to construct classical fermionic fields for use in quantum field theory we must have an infinite number of generators N → ∞. The elements
where vertical bars around indices mean they form a strictly increasing sequence, form a basis for a Grassmann algebra over the complex numbers, denoted by Λ N .
Elements of Λ N are formed by multiplying the basis elements (1) by complex numbers and adding.
For finite N, there are 2 N basis elements (1), so the elements of Λ N form a 2 Ndimensional vector space. When N → ∞ we have a countably infinite number of generators ζ i , i.e. we have ℵ 0 generators, where ℵ 0 is the cardinality of the set of natural numbers. We then have 2 ℵ 0 = c basis elements, where c is the cardinality of the set of real numbers. 1 (A formal proof of this will be given in the next section.)
The corresponding Grassmann algebra is denoted by Λ ∞ ; its elements form an infinite dimensional vector space, a c-dimensional vector space to be prescise.
The elements of Λ ∞ are called supernumbers. A general supernumber Z can be expressed as the sum of its body Z B and its soul Z S :
where Z B is an ordinary complex number and
the a s also being complex numbers. A supernumber has a multiplicative inverse if and only if its body is non-zero; the inverse is given by
We will be interested in supernumbers that are purely even or odd. Even supernumbers, or a-numbers, have the general form
and commute with everything. Odd supernumbers, or a-numbers, have the general
and anti-commute with each other; they obey V 2 = 0 and are not invertible. Note that 0 is both a c-number and an a number.
Complex conjugation of supernumbers (denoted by * ) is defined to obey the rules
These rules are chosen so as to mimic hermitian conjugation of operators. The complex conjugate of the body of a supernumber is defined to be its ordinary complex conjugate and the generators ζ i are defined to be real:
From (6) and (5) it follows that the basis element ζ |i 1 . . . ζ in| is real when
is even and imaginary when 1 2 n(n − 1) is odd. Thus a supernumber is real if and only if its body is real and the coefficients a |i 1 ...in| in the expansion (3) are real when 1 2 n(n−1) is even and imaginary when 1 2 n(n−1) is odd. The set of complex c-numbers is denoted by C c , the set of complex a-numbers by C a , the set of real c-numbers by R c , and the set of real a-numbers by R a .
where the coefficients
are independent of dV . These coefficients are called, respectively, the left and right derivatives of f with respect to V . The most general function for which (7) holds has the simple form
Clearly f maps R a into C c if A is even and B is odd, whereas f maps R a into C a if
A is odd and B is even. The right-hand derivative of (8) , as defined by (7), is
Differentiable functions from R c to Λ ∞ are defined similarly. If U is a general real c-number then a differentiable function f :
where
extended to a function from R c to C c as follows:
wheref (n) (U B ) denotes the nth order derivative off at U B . The most general function obeying (10) is given by
where thef |i 1 ...in| (U) are functions of the form (11). 2 f maps R c into C c if thẽ
when n is even. The derivative of (12), as defined by (10), is
Note that if we restrict U to be a real number, i.e. put U S = 0, then (12) defines a differentiable function from R to Λ ∞ . Differentiable functions (8) and (12) are
These definitions can now be extended in an obvious manner to to obtain differentiable functions on Cartesian products of R c and R a [1] . We can then give a satisfactory definition of a classical fermionic field on space-time: its components are differentiable functions from R 4 to C a . The fact that the underlying Grassmann algebra Λ ∞ is infinite dimensional is essential in making this a tenable definition of classical fermionic fields, as we now explain [6] . In quantum field theories involving fermions we must be able in principle to evaluate matrix elements of time-ordered products of arbitrarily large numbers of fermionic fields. These matrix elements are represented by path integrals containing products of arbitrarily large numbers of classical fermionic fields. Now these classical fermionic fields take values in the underlying
Grassmann algebra, values that are odd and take the form (4). But if the underlying algebra is Λ N , where N is finite, the series in (4) terminates when n = N and multiplying N or more odd elements of Λ N necessarily vanishes; hence the product of N or more classical fermionic fields necessarily vanishes. Clearly this problem does not arise when we use Λ ∞ as the underlying algebra.
Integration over a real c-number variable is defined through ordinary integration, as follows. The definite integral
evaluated by choosing any contour in R c running from A to B. One shows [1] that the result is independent of the contour chosen, provided only that its endpoints are A and B. Thus, an integral over R c can effectively be regarded as an integral over R.
Integration over a real a-number variable is defined by the well-known rules of Berezin integration [3] . Multiple integrals over c-number and a-number variables are built up in the obvious manner [1] .
DeWitt's definition of a supermanifold
The idea is to define a supermanifold with m even dimensions and n odd dimensions as a topological space that has the same relation to R This is DeWitt's definition of a supermanifold [1] . The superspaces used in supersymmetric field theory and supergravity can be taken to be supermanifolds as defined above. This is only possible because the underlying Grassmann algebra is infinite dimensional: for the reason explained above, a finite-dimensional underlying algebra would lead to problems in the evaluation of matrix elements of superfields.
In the ensuing sections we will give a definition of a supermanifold that differs from DeWitt's only in the topology given to R m c × R n a . We therefore do not need to draw on other approaches to supermanifolds [4, 5, 6, 7, 8, 9, 10] . The new topology will be Hausdorff will allow a supermanifold to have a global structure analogous to a compact manifold. For an alternative means of giving a Hausdorff topology to DeWitt supermanifolds, see [11] .
3 Two orderings of the real supernumbers
. . , ∞} of basis elements of Λ ∞ has cardinality c.
Proof. The result is established by constructing two injections, f : [0, 1) → ζ and g : ζ → [0, 1). It will then follow from the Cantor-Schröder-Bernstein theorem [12] that the sets [0, 1) and ζ have the same cardinality. For each number x ∈ [0, 1), let
. . be its binary expansion; thus each b n is either 0 or 1. We define the
Next, we define the injection g : ζ → [0, 1) by the following rule: for each element DeWitt's approach to supermanifolds therefore involves building a geometry out of two sets of "numbers", R c and R a , of cardinality 2 c . The construction is modelled on ordinary geometry based on a set of numbers R of cardinality c. A key difference between the respective number sets which serve as the foundation for the two geometries is the lack of any notion of the "size" of a supernumber. We remedy this by introducing a total order relation on the set of real supernumbers. There are two order relations that can be defined without too much difficulty, and we will show that one of them fits well with the algebraic structure of supernumbers.
Our first order relation is suggested by the injection f : [0, 1) → ζ defined in (14) .
We first exclude 0 from the domain of f , thereby obtaining an injection f ′ : (0, 1) → ζ.
Through f ′ , the usual relation < on the reals induces a relation, which we also denote by <, on those elements of ζ in the image of f ′ :
We wish to extend < so that it relates additional elements of ζ. To do this, consider those elements of ζ not in the image of f ′ ; they constitute the set
where m is a natural number. The reason these are not in the image of f ′ is that they are the result of applying the rule that defines f ′ to the binary expansions
and (15) are not used as the binary expansions of numbers, rather the convention is to use the equivalent expansions
Note that when m = 0, (15) and (16) The above considerations show that the rule (14) for the injection f can be used to define a bijectionf : η → (ζ − {1}), as follows:
For all x, y ∈ η, we define x < y if the same relation holds for the real numbers
represented by x and y; in addition we define 0.b 1 . . . b n 0111 · · · < 0.b 1 . . . b n 1000 . . . , n = 0, . . . , ∞.
Defining also a relation = on η by ∀x, y ∈ η, x = y if and only if x and y are the same element of η, we obtain a total order relation ≤ on η, where ≤ has its usual meaning in terms of < and =. Through the bijectionf : η → (ζ − {1}), ≤ on η induces a total order relation (also denoted by ≤) on ζ − {1}:
∀x, y ∈ η,f(x) ≤f (y) ⇐⇒ x ≤ y.
Let n(x) denote the number of ones in the binary expansion x ∈ η. η is the disjoint union of its following two subsets:
A general real supernumber Z can be written
where Z B and the coefficients c x are real numbers. Note that the real supernumbers do not form a subalgebra of Λ ∞ : the complex conjugate of the product of two real supernumbers Z and W is
so that ZW is real if and only if one or both of Z and W are even. R c therefore does form a subalgebra of Λ ∞ .
The leading term Z L of a supernumber Z is defined to be its body if Z B = 0; otherwise Z L is the term c yf (y) (c y = 0 is here real or imaginary) in Z S such that
In other words, the leading term of a bodiless supernumber is the term in its soul containing the largest (in the sense of the relation <) basis element of Λ ∞ . We extend the definition of ≤ through the statements
Note that (19) and (20) include the definitions
Finally, we extend the definition of < yet again: for any two real supernumbers Z and W
Note that (21) implies
Together with the usual equality relation on supernumbers, the relation < gives a total order relation ≤ on the real supernumbers.
Is this a good choice for an ordering of the real supernumbers? Consider the following property of real numbers:
Given y and ǫ > 0, there exists δ > 0 such that |x| < δ =⇒ |xy| < ǫ.
The property (22) has the important consequence that real functions defined by polynomial formulae are continuous. We extend the absolute value function on real numbers by defining
(22) is now a statement about a subset of the real supernumbers (Z > 0 means, of course, 0 < Z). As noted above, the product of two real supernumbers is not in general real. The statement about real supernumbers that correctly generalises (22) is therefore Given W and E > 0, there exists ∆ > 0 such that
It is desirable that (24) should hold, since otherwise real polynomial functions of real supernumbers will not be continuous. The following example, however, shows that (24) is not true: let W = ζ 1 and E = ζ 2 , then |Uζ
The absence of the property (24) means that simple functions such as f (U) = U 2 , U ∈ R c , are not continuous. For this reason, the order relation we have imposed is not satisfactory.
Let us change the ordering of the set ζ − {1} of basis elements of Λ ∞ . In place of the previous order relation on ζ − {1}, which was induced by the bijectionf : η → (ζ − {1}), we define
We leave unchanged all other definitions involving <. It is easy to confirm that with this new order relation we have the desired property (24) for real supernumbers. In the case of the example quoted above, where W = ζ 1 and E = ζ 2 , one correct choice of ∆ is now ∆ = ζ 1 .
We use this second ordering of the real supernumbers from now on. Note that both of the order relations discussed in this section give the usual ordering of R.
A topology for real supernumbers
If Z B and the coefficients c x in (18) are allowed to be extended real numbers, i.e. they may take the values +∞ and −∞, we say that (18) is an extended real supernumber. 
A supermetric space is a nonempty set A together with a supermetric D on A. A supermetric generates a topology for a supermetric space exactly as a metric does for a metric space.
The set of real supernumbers is a supermetric space with respect to the metric
where the absolute value function is defined by (23). The topology for real supernumbers generated by this supermetric has been characterised above in terms of open intervals.
Hereafter we take the real supernumbers to be endowed with the topology we have just described. The topologies of R c and R a are then chosen to be the induced topologies. The picture of R c provided by this topology is the following: the subset consisting of the souless elements of R c is the real line R, and between every pair of neighbouring points of R there are 2 c off-continuum points of R c . Every point x ∈ R has 2 c points of R c which are closer to it than any other point y = x of R; in particular there are 2 c points of R c which are greater than zero and less than any positive real number. On the other hand, R a consists entirely of off-continuum points. It will be seen that the topological spaces R c and R a have the following properties:
(1) they are not first countable (i.e. neither has a countable open base at each point) (2) they are not second countable (i.e neither has a countable open base) (3) they are not separable (i.e. neither has a countable dense subset) (4) they are not paracompact (5) they are Hausdorff
Using the supermetric (25) we can define super Cauchy sequences and convergent sequences of supernumbers in a manner entirely analogous to ordinary metric-space theory. Since R is a complete metric space with the least-upper-bound property, it is clear from the definitions of < and the supermetric (25) that the set of real supernumbers is a complete supermetric space with the least-upper-bound property, and that the same is true of the subsets R c and R a .
3
We now consider the superanalysis of DeWitt, outlined in Section 2, in light of the finer topology. Our notion of small changes ∆U and ∆V in a c-number variable U and in an a-number variable V is now very different. In DeWitt's treatment, these small changes are merely supernumbers (∆U a c-number, ∆V an a-number) with small real-number coefficients in their expansions in terms of basis elements of Λ ∞ ; but now they are small supernumbers in the sense of the relation <. For example, since bodiless c-numbers are smaller than c-numbers with non-vanishing body, it follows that an infinitesimal change dU in the variable U takes the form dU = dU S .
We therefore need a somewhat different approach to differentiable functions on R c
and R a .
The obvious starting point in developing an analysis over supernumbers is ordinary real analysis, since this is where our notion of differentiability comes from. We start by considering a C ∞ function f from R to the supernumbers Λ ∞ ; it is obvious from the definition (2)- (3) of a supernumber that f has the form
where thef |i 1 ...in| are C ∞ functions from R to C. This extends the range of a real C ∞ function. We now consider extending the domain of a real C ∞ function g so that the domain becomes the set of real supernumbers. The simplest way to do this is to regard the real number x in the rule defining g(x) as a souless real supernumber and add a real soul to it; we thereby obtain a rule for a function g(Z) on real supernumbers, where Z B = x. It is clear that g(Z) can be written
where g (n) (Z B ) denotes the nth order derivative of g at Z B . Note that the series in (27) converges to a supernumber since a finite number of terms involving each basis element of Λ ∞ appears in the sum. By extending the domain of the C ∞ functions erty are isomorphic; then note that the set of real supernumbers is not a field, but it contains a field R with the least-upper-bound property.
f |i 1 ...in| in (26) so that they become functions of the form (27), we finally obtain a function
from real supernumbers to Λ ∞ .
If we restrict Z in (28) to be a c-number U, we obtain (12) . If Z in (28) is taken to be an a-number V then we obtain the function
where eachf |i 1 ...in| (V ) is of the form
The supernumbers A and B defined by
allow us to write (29) as
which is (8) .
We define the derivatives of functions on R c and R a by (10) and (7) . Recall that now dU = dU S . The derivatives of f (U) and f (V ) are again given by (13) and (9) .
We thus obtain the same differentiable functions as DeWitt.
Note that differentiable functions are also continuous in our topology. This is not a trivial point: if we had based our topology on the first ordering of the real supernumbers constructed in the previous section, then the functions (12) and (8) would be differentiable but not continuous (the lack of the property (24) would mean that small changes ∆U (∆V ) would not produce small changes in f (U) (f (V )). that the function g defined by
Consider now an integral
so that g is by definition differentiable and
Thus we have the analogue of the fundamental theorem of calculus. Note that in our approach an integral over R c is a sum over all the supernumbers R c , rather than a sum over a subset of R c that can be taken to be R. Integration over an a-number variable is defined as previously, according to the Berezin rules.
We take the topology of R 
Supercompactness
Let Z and W be any two real supernumbers such that Z ≤ W ; then the closed interval from Z to W is the subset of real supernumbers defined by
A little thought will confirm that the subset (31) 
The supercompact subsets of R Although the supertopology we have developed rules out the existence of compact supermanifolds, the intuitive notion of "rolled-up" dimensions in a supermanifold is made precise in terms of supercompactness. We demonstrate this for both types of supermanifold dimension.
Consider the space R 2 a . We wish to "draw a circle" in this space and thereby obtain a rolled-up a-type dimension. Since all the points in R 2 a are off-continuum, we can make no appeal to trigonometry. Let (X, Y ) denote the coordinates of a general point in R 2 a and let R be a constant real a-number such that 0 < R. We have not defined a supermetric on R 2 a but each coordinate axis has a supermetric (25). There are precisely two points on each coordinate axis which are a distance R from the origin; these points are (R, 0), (−R, 0), (0, R), (0, −R).
We wish to define a closed curve that passes through these points. The resulting object will be more analogous to an ordinary circle if we employ the sine and cosine functions, where we understand these to be their power series expansions. Thus we define the continuous functions
on real supernumbers. We define an a-type supercircle, denoted S 1 a , to be the following set of points of R 2 a :
The bijections
define two coordinate patches which together cover S 
Conclusions
We have developed a new topology for supermanifolds, one that is closely analogous to the topology of ordinary manifolds. Supergeometry is, in our approach, based on a well-ordered set of "numbers" (real supernumbers), just like ordinary geometry. In the resulting supermanifold theory there is a clear analogue of the notion of a compact manifold, but it does not correspond to compactness in the new supermanifold topology. This is because the definition of a compact topological space, which is motivated by properties of real numbers, does not have the same geometrical import for real supernumbers as it does for real numbers. Our definition of supercompactness identifies the super analogue of compactness in manifold theory.
The rich global structure which our approach gives to supermanifolds may be called upon in physical applications, for example in the use of moduli spaces of super Riemann surfaces in string theory [14, 15] . A more mundane issue on which our work throws a new light is the mathematical model of classical space-time.
As explained in Section 2, supersymmetry means that a classical bosonic field such as the space-time tetrad is supernumber-valued, because it is mixed with the gravitino. The picture that supergravity gives us of classical space-time is therefore that of a (4, 0)-dimensional supermanifold. (Note that this is the case whether or not one uses a superspace formulation of supergravity.) This is in many ways very different from the model of space-time provided by general relativity, namely that of a four-dimensional manifold. One can maintain that the physical background space-time geometry, determined by the vacuum expectation values of the metric and torsion, must be real-number valued; but note that this requires a generalisation of conventional Hilbert-space theory [1] .
Any model of classical space-time is only expected to be accurate at scales much larger than the Planck length (10 −35 m). The topology we have developed squeezes the non-real-number part of a supermanifold into its small-scale structure, indeed the scale in question is smaller than any non-zero real number. It follows that a (4, 0)-dimensional supermanifold is completely equivalent to a four-dimensional manifold on a scale much larger than the Planck length, so that either can be taken as the classical model of space-time. In our approach, the integral over values of the tetrad in the supergravity path integral is in fact a sum over supermanifold geometries, and this is physically equivalent to a sum over ordinary manifold geometries.
